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Abstract

We derive optimal transaction fees as the solution to an intermediary’s pricing
problem. Assuming independent private values, we show that no incentive com-
patible, individually rational mechanism performs better. Decreasing the elasticity
of supply or increasing the weight on the intermediary’s profits increases the opti-
mal fees, as can increasing the elasticity of demand. Extreme value theory implies
asymptotic optimality of linear fees in thin markets arising from vanishing overlap
between values and costs. The results generalize to a dynamic setting with short-
lived buyers. Under optimality, observed linear fees suffice to identify the seller’s
type distribution up to truncation.
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1 Introduction

Internet platforms, brokers, and governments around the globe charge commission fees
and taxes that are paid when a transaction occurs. Examples include the indirect taxes
imposed by governments, the percentage fees charged by real-estate brokers, headhunters,
and stock brokers, and the commission fees charged by auction houses and trading plat-
forms such as Sotheby’s, Christie’s, eBay, Apple Store, and Amazon.  Transaction
fees also figure prominently in public policy debates on issues as varied as credit-card
fees, allegations of collusive commission fee-setting by auction houses and real-estate
agents, the fees Apple and Google charge to app developers, the — at times, drastic —
increases of value-added taxes in the wake of the global financial crisis, or proposals for
financial-transaction taxes, such as the European Commission’s 2013 proposal for en-
hanced cooperation among participating EU Member Statesﬂ Little is known to date
about the effects and determinants of the structure of such fees and as to when their use
dominates alternative trading mechanisms.

In this paper, we analyze the fee structure from the perspective of an intermediary’s
optimal-pricing problem, using an independent private values model. Our focus is on
markets in which every seller owns a unique object and faces only a small number of
buyers in every period. With private information on both the seller’s and the buyers’
sides, we first show that there is no loss of generality by focusing on fee setting — no
incentive compatible, individually rational mechanism fares better.

However, in general, the optimal fee can be a complicated function of the transaction
price. This contrasts with the linear and proportional fees that are widely used in
practice. With that in mind, we then show that the fee that implements the optimal
mechanism is linear if the seller’s cost is drawn from a reflected generalized Pareto

distribution. This fee is proportional, or a percentage fee, if the lower bound of support

!The European Commission published its proposal to implement enhanced cooperation in the area
of financial transaction tax on February 14, 2013 (see The Economist on February 23, 2013: “Bin
it - Europe’s financial-transactions tax”). Notwithstanding the Tobin tax as the standard economics
rationale for such a measure, the proposal for a financial-transactions tax has been primarily motivated
by a desire or need to increase tax revenue.


https://www.economist.com/news/leaders/21572205-plans-transactions-tax-ought-be-dropped-bin-it
https://www.economist.com/news/leaders/21572205-plans-transactions-tax-ought-be-dropped-bin-it
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of this distribution is zero. The optimal fee is independent of the demand side if and only
if it is linear. Intuitively, when a linear fee is optimal, the seller’s profit-maximization
problem is perfectly aligned with the intermediary’s. Thus, the seller internalizes any
demand-side properties in the same way the intermediary would if he set the price.
Importantly, this means that if linear fees are optimal, then the optimal fee will not vary
across product categories that differ on the demand side, provided the supply side does
not vary. Consequently, observing that an intermediary uses the same fee across different
product categories for, say, third-party sellers does not imply that the fee is suboptimal
in any given product category.

Moreover, using extreme value theory and a model with transaction costs that shrink
the overlap of the supports of the buyer’s and the seller’s distribution in such a way that
only the types who are keenest to trade participate, we then show that in the limit, as
the overlap goes to zero, the optimal fees converge to linear ones. This convergence arises
because, as markets become increasingly thin, the distributions of participants’ valua-
tions converge to generalized Pareto distributions, which in turn implies convergence to
linear fees.

Interestingly, and counterintuitively, more elastic demand can lead to higher optimal
fees. The reason for the counterintuitive demand-elasticity effect is that the seller’s
price responds endogenously to changes in demand. When this reaction is excessive,
the optimal fee needs to increase to partly offset this price endogeneity effect. For the
limiting linear fees, the seller’s and the intermediary’s pricing incentives are perfectly
aligned, so that the optimal fee is independent of the elasticity of demand.

Motivated by the relevance of dynamics in many real-world settings of interest, we
then extend the model to an infinite-horizon setting in which the mechanism employed
by the intermediary maximizes a weighted sum of the intermediary’s and the seller’s
profit, with short-lived buyers arriving randomly in every period. The weight on the
seller’s profit can be interpreted as a conduct parameter that captures — unmodeled —
competition between intermediaries for sellers. This generalization exhibits an invariance
result: the asymptotically optimal fee in thin markets is the same in a dynamic setting

with an arbitrary number of buyers as in a static setting with one buyer.
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Our paper contributes, first and foremost, to the growing literature that applies

insights and methods from mechanism design to pertinent questions in industrial or-

ganization. Recent and complementary contributions, such as [Board| (2008), Gomes

(2014), [Tirole| (2016) and Garrett| (2016), have applied multi-period mechanism design

to intertemporal pricing and to optimal incentive schemes for platform participation.

Our paper, which builds on and supersedes the predecessor |[Loertscher and Niedermayer|

(2007)), is the first paper to connect fee setting to optimal pricing with two-sided pri-

vate information of the form first studied by Myerson and Satterthwaite (1983)). The

companion paper, Loertscher and Niedermayer| (2026), takes our model to the data and

shows that, empirically, percentage fees perform well relative to the optimal mechanism.
Partly in response to antitrust cases and regulatory concerns, there has been a recent

upsurge of interest in fee setting, which is called the “agency model” in the language used

by the courts; see, for example, De los Santos et al| (2026) and the references therein ]

Baye et al.| (2011]) derive the click-through fees for advertisements that are optimal for

an online platform. However, to the best of our knowledge, none of the existing papers
relate fee setting to optimal mechanisms in an independent private values setting.
This combination of a small number of traders and two-sided private information is

also what sets our theory apart from the existing theoretical literature on the transac-

tion fees of profit-maximizing intermediaries (Yavas (1992)), Caillaud and Jullien| (2003),
Hagiu| (2007)), Matros and Zapechelnyuk! (2008), Shy and Wang (2011), |[Niedermayer and|
‘Shneyerov, (2014)), Johnson| (2017)), and |Wang and Wright| (2017)) and on the indirect

taxes charged by governments (Salanié (2003, Chapter 3), Delipalla and Keen| (1992)),
and [Anderson et al| (2001alb))) f| Without this combination, the theory would be silent

2|Loertscher and Niedermayer| (IQOQOD analyze fee setting (or “agency”) in markets with a continuum
of buyers and sellers and show that agency can profitably be used by an intermediary to deter entry of
a competing exchange.

3Yavas (1992), (Caillaud and Jullien| (2003), Shy and Wang] (2011)), Johnson| (2017) and Wang and|
assume that the seller’s cost is public information (or, equivalently, that either there is no
uncertainty about the seller’s cost or that there is perfect competition between sellers). In
|Zapechelnyuk]| (2008) the seller’s cost is sunk after he chooses to go to the intermediary, which can be
best seen by considering the one-period version of their model. Therefore, the seller’s private cost only
matters for his participation decision, but not for anything that happens after he chooses to participate
(in particular for the reserve and transaction price). In [Niedermayer and Shneyerov| (2014) there is a
continuum of sellers and buyers, so that by the law of large numbers there is no uncertainty about the
realized distribution of sellers’ costs.
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about the functional form of the fee, that is, as to whether it is fixed, a percentage
fee or a non-linear fee. While in thin markets linear fees are needed for optimality, in
thick markets they do no harm, being equivalent to alternative ways of raising revenues.
Moreover, our model predicts equilibrium price dispersion, which is consistent with the
data but absent in most of the aforementioned models.

Optimal mechanisms for profit-maximizing intermediaries in markets with small num-
bers of traders are studied, for example, by |Myerson and Satterthwaite| (1983), Baliga
and Vohra (2003)), Jullien and Mariotti (2006)), Lu and Robert| (2001) and |Loertscher
and Wasser| (2019). To the best of our knowledge, none of the existing papers contains
an analysis of transaction fees, their structure, or their convergence to linearityﬁ The
relevance of the long tail, which motivates and underpins our modeling of thin markets, is
well documented in the digital economy; see, for example, Brynjolfsson et al. (2003)), |An-
derson (2006) and Waldfogel (2017).E| Formalizing long tails using extreme value theory,
our paper derives the implications of long tails for optimal fees in thin markets.

The remainder of this paper is organized as follows. Section [2| sets up the baseline
model, which we analyze in Section [3] In Section [d we then introduce and analyze the
infinite-horizon model. Section [5| discusses extensions and empirical implications, while
Section [6] concludes the paper. Proofs and additional background material are in the

Appendix.

2 Model

Our baseline model is a static, one-shot setup with independent private values, one in-

termediary, one seller, and one buyer. The buyer and the seller can only trade via the

4Myerson and Satterthwaite (1983) are mostly cited for their impossibility result, but the paper
actually also contains a section about a profit-maximizing intermediary in a static bilateral trade market.
Baliga and Vohra (2003)) focus on market research rather than fees in a static model. |Jullien and Mariotti
(2006)) assume two-sided private information in a static model with one broker and two buyers, but focus
on fees that are a function of the reserve price rather than the transaction price without specifying the
functional form of these fees. Moreover, as mentioned, we have multiple buyers and multiple periods.
In the companion paper, we also structurally estimate the model.

STheoretically, [Loertscher and Muir| (2025) show that with long tail products, called niche products,
the matching benefits of larger markets dwarf the incentive benefits that have been at the center of
attention in the double-auctions literature.
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intermediary. For example, the costs of finding a trading partner without the intermedi-
ary could be prohibitively highﬁ The value of the outside option of not participating is
zero for both the seller and the buyer. The buyer, seller, and the intermediary are risk
neutral. In the baseline model, the intermediary, the seller and the buyer maximize their

profits.

2.1 Fee setting

Motivated by the prevalence of this trading scheme, we assume that the intermediary
uses a fee-setting mechanism. That is, the intermediary has the seller set a transaction
price p to be paid by the buyer and charges the transaction fee w(p). The seller has to
pay the fee w(p) to the intermediary if and only if a transaction occurs at price p. The

fee function w is a given for the seller, but the seller is free to choose the price.

2.2 Payoffs, types and distributions

At first, we simply stipulate that the buyer’s value v is drawn from a distribution F
with support [v, 7] and density f > 0 and the seller’s cost ¢ is drawn independently from
a distribution G with support [¢,¢] and density ¢ > 0. We assume v < ¢ < ¥ < C,
i.e. there are gains from trade for some but not all realizations of valuations and costs.
We further assume that these distributions satisfy what, following Myerson! (1981)), has
become known as reqularity; that is, the virtual value and virtual cost functions, denoted

®(v) and I'(c) and defined as

1— F(v)
f) g9(c)’

are increasing in their arguments. A buyer with value v who purchases the good at price

O(v) :=v— and I'(c) :=c+

p nets a payoff of v — p and the seller with cost ¢ who sells at the net price p — w(p) nets
a payoff of p — w(p) — c.
For this setting, we derive in Section the optimal fee w(p) for an intermediary who

maximizes his profit. In general, this is a complicated problem because of the two-sided

6 Alternatively, the buyers’ values and the seller’s cost may incorporate an exogenous opportunity
cost of searching for a trading partner without the intermediary.
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private information held by the agents; the seller with cost ¢ will set an optimal price
that depends on the fee function w(p). Hence, viewed from this angle, the intermediary’s
problem is to choose w(.) anticipating the seller’s optimal behavior. To solve this problem,
we will use the mechanism design methodology developed by Myerson (1981) and, in
particular, Myerson and Satterthwaite (1983) and by doing so, we will show something
stronger: Not only will we derive the fee that is optimal for the intermediary among all
fee functions, but in fact we will show that restricting attention to fee setting is without
loss of generality in the sense that no other incentive compatible and individually rational
mechanism generates a larger expected profit for the intermediary than does the one with

the optimal fee.

2.3 Thin market setting

To account for what we call thin markets, we will introduce sequences of buyers’ and
seller’s distributions with decreasing overlap in the supports and distinguish between the
agents’ primitive and effective valuations and costs, which are defined as follows. We
denote the agents’ primitive values and costs by vg and ¢y and their distributions by Fj
and Gy whose densities are denoted fy(vg) and go(co), respectively. The supports for
both distributions are [0, 1] and the densities are strictly positive for all vy, ¢y € (0, 1).
We continue to maintain the assumption of regularity for these distributions, that is, the
virtual valuation and virtual cost functions ®y(v) := v — %&(;’) and [y(c) :=c+ jg—((cc)),
both with domain [0, 1], are increasing and continuously differentiable.

We additionally impose the following endpoint conditions.m There exist finite con-

stants 8,0 > 0 such that
li @’()—1+1 d 1l I"()—1+1
1%1 o(v) = 3 an 61%1 olc) = =

In Section (3.2, we then analyze sequences of economies indexed by j in which the
effective valuations v; and costs ¢; are linear transformations of the primitive valuations

vp and costs ¢g, such that the supports are [v;,7;] and [c;,¢;], respectively. Formally,

"These are the finite-endpoint Weibull-domain von Mises conditions for the upper tail of Fy and the
lower tail of Gy, respectively.
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v; := (V;—v;)vo+u; and ¢j := (¢j—¢;)co+¢;. Denote the corresponding distributions and
densities by F}, G;, f;, and g;. The additive terms in the linear transformations v; and
¢; can be interpreted as additive, type-independent transaction costs while multiplicative
terms v; —v; and ¢; —c; can be thought of as type-dependent opportunity costs. Suppose,
for this illustration, that the outside-market payoff is the relevant outside option for the
types under consideration. As a case in point, the transaction costs can stem from an
outside market that offers a payoff of 6;uy—p; to a buyer of type vy, where §; € [0, 1] is the
quality offered by the outside market and p; the price it asks. Consequently, the buyer’s
willingness to pay for trade via the intermediary becomes vy — (6;00—p;) = (1—6;)vo+p;,
implying v; — v; = (1 — 0;) and v; = p;. Likewise, if an outside market offers a seller
with cost cp a profit of p; — 6;co, then ¢; —¢; =1 —6; and ¢; = p;.

The virtual type functions ®; and I'; are defined analogously to ®; and I'y. It is
straightforward to see that the regularity of Fy and G implies regularity of F; and G;
for all j. The sequences of economies we study are such that the overlaps of support
ratios uf = (U; — ¢;)/(V; — v;) and uf := (T; — ¢;)/(¢; — ¢;) go to 0; see Figure

(a) Original effective supports

| vj ~ I |
! l
overlap: [c;,7;]
% —+ +—>
Yj & Yj Cj
} |
3. Y .
¢j~ G
(b) Normalized supports
truncation v~ L : 1
PR | | —
: 0 1 :
% % % —
1— 1 : overlap: [0, 1]
uB | | B
J | N T ]
c~Gj truncation

Figure 1: Original effective supports of v; and ¢; and normalized supports of o =
(v —¢;)/(vj—¢;) and ¢ = (¢; —¢;)/(v;—¢;).  The overlap-of-support ratios are
P = (v, —¢)/(0; —v;) and uf = (0; — ¢;)/(¢ —¢;). The thin markets assumption

U=
.J S
is uy, u; — 0.
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As mentioned, this way of modeling market thinness is motivated by the fact that
revenue from what is known as the “long tail” of the distributions appears to be quan-
titatively important in the digital economy; see, for example, Brynjolfsson et al. (2003))
and Anderson| (2006)). In our setting, the long tail of the buyer distribution consists of

buyers with high values, whereas on the seller side, it consists of sellers with low costs.

3 Optimal transaction fees

We begin by deriving the optimal mechanism for a profit-maximizing intermediary. By
the revelation principle, we can focus, without loss of generality as far as optimality is
concerned, on direct mechanisms that ask the buyer and the seller to report their types.
As a function of these reported types v and ¢, the mechanism chooses an allocation
Q(v,¢) € [0, 1], which in our setting corresponds to the probability that the buyer and the
seller trade, and payments Mp(0, ¢) and Mg(0, ¢), where Mp(v, ¢) is a payment from the
buyer to the intermediary and Mg(?, ¢) is a payment from the intermediary to the seller.
The resulting utilities are vQ(v, ¢) — Mpg(0,¢) for the buyer and Mg (0, ¢) — cQ(v, ¢) for
the seller. Letting gp(v) := E.[Q(v, ¢)] and gg(c) := E,[Q(v, ¢)] be the interim expected
probability of trade and mp(v) := E.[Mg(v,c)] and mg(c) := E,[Mg(v, )] the interim
expected payments, anticipating that the other trader reports truthfully for all possible
types, the mechanism is Bayesian incentive compatible if and only if, for all v, v € [v, 7]

and ¢, ¢ € [c, 7,
gs(v)v —mp(v) > qp(0)v —mp(d) and ms(c) — gs(c)e = mg(¢) —gs()e (1)
and interim individually rational if for all v € [v,7] and all ¢ € [c, €]
gg(v)v —mp(w) >0 and mg(c) —gs(c)e > 0. (2)

That is, a direct mechanism is (Bayesian) incentive compatible if truthful reporting
constitutes a Bayes Nash equilibrium and individual rational if each trader is, for each
possible type, weakly better off participating than walking away. Given the by now
well-known equivalence between Bayesian and dominant strategy incentive compatibility

and interim and ex post individual rationality (see e.g. Gershkov et al., 2013|), we will
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simply speak of incentive compatibility and individual rationality. As mentioned, by
the payoff equivalence theorem (see e.g. Borgers, 2015), the allocation rule Q(v,c¢) and
incentive compatibility pin down the interim expected payments up to a constant. Under
profit maximization, the constants are pinned down by setting gg(v)v — mp(v) = 0
and mg(¢) — gs(¢)ec = 0, that is, by making the least efficient types of each trader
indifferent between participating and not. As shown by Myerson and Satterthwaite
(1983, Theorem 3), the optimal allocation rule is such that Q(v,c) = 1 if ®(v) > ['(¢)
holds and Q(v,c) = 0 otherwise. Because ®(v) = 7, it follows that a seller with cost

¢ > I'"}(v) never trades.

3.1 Implementation via fee-setting mechanisms

Consider now fee-setting mechanisms. As a buyer with value v accepts the price p if and
only if v > p, the problem of a seller with cost ¢ who sets a price p and has to pay the
fee w(p) if a transaction occurs is to

mgX(p —w(p) —o)(1 = F(p)). (3)

Therefore, the allocation that induces trade if and only if ®(v) > I'(c) can be imple-
mented with a fee w(p) if and only if a seller with cost ¢ < I'"1(7) sets a price p such
that ®(p) = I'(c), that is, sets p = @~ HT'(c)).

Note that this reasoning only holds for a seller with ¢ < T'"'(v). As a seller with
¢ > I'"}(v) never trades under the optimal mechanism, sellers with costs above I'"*()
need to be incentivized to set prices that are never accepted. Because prices p > ¥
never lead to trade in equilibrium, which means that the fee for prices above v does
not matter, the only remaining concern is that such seller-types might benefit from
setting prices below ©. As we will discuss after the following proposition, the optimal fee
automatically takes care of this by making it strictly unprofitable for types ¢ > I'"1 ()
to set prices below v.

The following proposition describes the fee w;(p) that is optimal for the intermediary

because it allows the intermediary to obtain the maximum profit derived by [Myerson

and Satterthwaite| (1983, Theorem 3). Throughout the paper, whenever a displayed fee
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formula is stated only on its equilibrium price range, it is understood to be completed off
equilibrium by an extension that leaves the stated pricing rule optimal. The construction

after Proposition [1| provides this extension.

Proposition 1. The optimal fee is wi(p) := p — E,[T 1 (®(v))|v > p|, defined on the

domain [®7(c),v]. This fee implements the profit-mazimizing mechanism.

The domain [®!(c),?] in Proposition |1| is restricted to prices that are set on the
equilibrium path of play. These are the prices for which the fee w; is pinned down by
the optimal mechanism. The displayed formula can be extended to all prices without
changing sellers’ optimal pricing decisions or the implemented allocationﬁ

Note that the net price p — wy(p) is increasing in p and, by L’Hopital’s Rule, equal
to I71(v) at p = v. Therefore, a seller with cost ¢ > I'"!(7) makes an expected loss by
setting p < . This is the sense in which w; automatically deters this kind of deviation.

The proof of Proposition (1| is —perhaps surprisingly— simple: plugging the optimal
fee into the seller’s maximization problem and solving this maximization problem shows
that the seller with cost ¢ < T~!(7) optimally sets the price ®~!(T'(c)). As noted before
the proposition, this pricing rule implements the optimal allocation rule. Further, the
least efficient types of the buyer and the seller are easily seen to obtain a utility of zero.
For the buyer this follows because the lowest price set in equilibrium is ®~1(T'(c)) =
®~!(c), which is larger than ¢ because ®(v) < v for all v < U, and ¢ > v. Thus, the
buyer with value v never trades.

As an illustration, assume that F' and G are uniform on [0, 1], in which case w;(p) =
p/2. It is easy to check that the intermediary’s expected profit is 1/24, the same as
the profit [Myerson and Satterthwaite] (1983) get for the uniform-uniform example they
provide. Notice, however, the remarkable generality of the implementation result in
Proposition [I} It applies for any distributions F' and G satisfying regularity.

Moreover, the implementation result via fee setting does not depend on the mecha-

nism being optimal for the intermediary. Indeed, any monotone allocation rule can be

8For example, fix ¢ > 0 and set w;(p) = p—c+e¢ for p < ®71(c). Then p—w;(p) = c—e < c for every
seller type, so trade at such a price gives every seller a negative payoff. For p < ¢, setting w;(p) = 0
would also suffice. For p > 7, no buyer accepts, so the fee may be defined arbitrarily.
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implemented via fee setting. To see this, assume that there is an allocation rule H(c)
such that there is a trade between the seller and the buyer if and only if v > H(c) and
that H is strictly increasing for all ¢ € (¢, ¢) such that H(c) € (v,7). Then the fee
function wy(p) := p— E,[H ' (v)|v > p] implements this allocation rule, which is readily
seen by replacing wy(p) in by wy(p) and solving the seller’s optimization problem.ﬂ
Further, the implementation via fee setting is also robust insofar as the buyer has a dom-
inant strategy, and anticipating that the buyer plays the dominant strategy, the seller’s
problem becomes a single-person decision problem. This contrasts, for example, with

the multiplicity of equilibria that arises in a k-double auction.ﬂ

Optimality of linear fees As Proposition [I] shows, in general, the intermediary-
optimal fee w;(p) is potentially a complicated, non-linear function that may not even
permit closed-form solutions. In the real world, fees are typically simple and often take
the linear form w(p) = a + bp or even the proportional form w(p) = bp, where a and b
are constant real numbers. If w(p) = bp, b has the interpretation of a percentage feeﬂ
A case in point is real estate brokerage, where percentage fees are almost universally
used. Amazon also makes wide use of percentage fees, which it applies in about two
thirds of its product categories for third-party sellers.E Without calling it a transaction

fee, Alibaba charges third-party sellers a “handling” fee of two percent for sales for up

9The first-order condition is 0 = — f(p)(H ~!(p) —¢), which is equivalent to p = H(c), and the second-
order condition is satisfied whenever the first-order condition is because H and hence H ' is increasing.
As an illustration, consider ex post efficiency, in which case H(c) = ¢. If F and G are both uniform on
[0,1], then wr(p) = (p — 1)/2 and the intermediary’s expected profit is —1/6. More generally, under
f: vdF(v)

1-F(p)

expected profit is —(fol vG(v)dF(v) — fol ¢(1 = F(c))dG(c)), that is, the deficit is equal to the ex ante
expected gains from trade.

10 A5 observed by Myerson and Satterthwaite| (1983)), when F and G are uniform, the k-double auction
of |Chatterjee and Samuelson| (1983)) has an equilibrium that implements the second-best mechanism for
k = 1/2. While we do not further elaborate on this here, it can be shown that, with an appropriately
chosen fee, the second-best mechanism can be implemented with basically the same robustness as the
profit-maximizing mechanism. As an example, when I and G are uniform, the fee w32(p) = p/2 —1/4
induces the second-best allocation rule.

1We use the terms proportional and percentage fees interchangeably. Fees of the form w(p) = a + bp
are linear in the same way as, say, a demand function would be. What we call proportional would be
called a linear tariff in much of IO — no terminology is perfect.

12Third-party sellers on Amazon in the United States are charged percentage fees in 24 out of 35
categories while in Australia, percentage fees apply in 20 out of 31 categories (accessed on April 23,
2026).

ex post efficiency, wy(p) = p — . If F and G have the same support [0, 1], the intermediary’s
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to $5,000 and a flat fee of $100 for more expensive products. This raises the question
under which conditions the optimal fees are linear. We are now going to shed light on
this question by first deriving necessary and sufficient conditions on the distributions F'
and G for this to be the case. In a second step, we provide a thin market based rationale
for when one should expect these conditions to hold.

We have already seen that w;(p) = p/2 when both F' and G are uniform. Our first set
of results imply that, up to the no-trade truncation, the optimal fee is w;(p) = p/2 if and
only if seller costs are uniformly distributed. That is, costs are uniform over the range
of seller types that trade with positive probability; the distribution above the no-trade
cutoff is not identified and does not affect the fee. More generally, whether the optimal

fee is linear (or a percentage fee) only depends on G. To see this, consider the cumulative

6o - (=2) (1)

c—c¢

distribution function

with support [c,¢] and shape parameter o > 0. Note that the virtual cost function
associated with the distribution in () is I'(c) = ¢ — ¢, which is linear in ¢. For
example, for ¢ = 1,¢ = 0 and ¢ = 1, G(c) is the uniform on [0,1] and I'(c) = 2,
implying I'"'(p) = p/2 as noted. Moreover, I'(c) is independent of ¢, which reflects a
general truncation-invariance property of virtual costs that we will come back to belowE
We refer to this distribution as reflected generalized Pareto distribution since it is the
standard generalized Pareto distribution mirrored around the vertical axis. Because I'(c)
is linear, so is its inverse. Hence,
wi(p) =p = E,[L7(®(v)[v 2 p)l =p — TTH(E,[P(v)[v > p]) =p — T (p),

——
=p

where the first equality holds by the definition of the optimal fee, the second because
' is linear and the third because of the equality E,[®(v)|v > p] = p, which is well

known in mechanism designE In other words, if I'(c) is linear, so is wy(p).

the distribution
g(c)
G(u)

13To see this truncation-invariance, denote for an arbitrary u € (c,¢] by G(c|u) := g((z))

of costs conditional on ¢ < u, whose density we denote by g(c|u). Because g(clu) = , the virtual

. G(c)
cost forc < wuisc+ OR

“Intuitively, as observed by Myerson| (1981)), the buyer’s informational rent is given by the expected
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Identification with linear fees As we have just seen, if GG is a reflected generalized
Pareto distribution, then the optimal fee is linear. The converse is also true up to the no-
trade truncation: If the optimal fee is linear, then I'(c) has to be linear over the range of
costs that trade with positive probability, and the corresponding truncated distribution
has to be of the form in . A priori, one might think that, through some fluke, F' and
G might “conspire” to make w;(p) linear even if I" is not. After all, the optimal fee as
shown in Proposition || reveals that in general, the fee depends on both the buyer’s and
the seller’s type distribution through ® and I'"!, respectively. We show in the following
that this is not possible, that is, an optimal linear fee implies a reflected generalized
Pareto distribution. Further, this distribution is uniquely identified up to a truncation
by the fee.

We provide formal identification results for G and F' in Appendix [A] and a brief
summary here. The identification of the distribution G is based on (i) optimal behavior
by the seller and (ii) the intermediary optimality of the allocation rule. Take a linear fee
wr(p) :== a+ bp. Seller optimality (i) implies that the price p maximizes (p — wr(p))(1 —
F(p)). The first-order condition of the seller’s maximization problem can be rearranged
to ®(p) = (¢ +a)/(1 —b). Intermediary optimality (ii) implies ®(p) = I'(¢). Combining
(i) and (ii) implies I'(¢) = (¢ + a)/(1 —b), i.e. T'is linear and uniquely pinned down
by wy. T linear implies a reflected generalized Pareto distribution G (up to the usual
truncation) with parameters identified by the parameters of I'.

A further interesting property of optimal linear fees is that the distribution of prices
posted by the seller alone identifies the distribution F' of buyers’ valuations (up to a
truncation). This is surprising insofar as the price distribution depends in general on
both the buyer’s and the seller’s price distribution. That is, the model not only predicts
price dispersion in equilibrium, which is consistent with empirical observations, because
sellers’ costs and hence their optimal prices are heterogeneous. When linear fees are

optimal, the distribution of prices also identifies the distribution of buyers’ valuations.

virtual type, and the optimal mechanism for one buyer is a take-it-or-leave-it price. More formally, it
can be verified that multiplying both sides of the equation E,[®(v)|v > p] = p by 1 — F(p) and taking
derivatives yields the same expression. Further, the two sides of the equation are equal for p = 7.
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3.2 Thin markets and the optimality of linear fees

As we have just seen, w;(p) is linear if I'(c) is linear, which is equivalent to saying that
G(c) is of the form . We are now going to show that in thin markets, defined as
markets in which only the types of agents participate who are keenest to trade, linear
fees are optimal. Our asymptotic approach relies on Extreme Value Theory, which states
that under mild regularity conditions the lower tail of any distribution converges to a
reflected generalized Pareto distribution as one moves the truncation point closer to the
lower bound of support (see Appendix @[) These regularity conditions can be shown to
be satisfied in our setup.

We apply these results to sellers and look at truncation points that go to the lower
bound of support. This kind of truncation is a natural way of capturing the fact that in
many markets, at any given point in time only a small fraction of all potential traders
are active. For example, in real estate, typically less than 5 percent of all properties are
being offered for sale. Our notion of thin markets thus consists simultaneously of a small
number of traders, in particular, one seller, and selection of the keenest trader types.

Formally, we now consider sequences of economies as described in Section [2] indexed
by j for which the length of the overlap of support of v; and ¢; goes to zero. The analysis
simplifies if we normalize by the length of the overlap to get the normalized variables
¢ = (cj—¢;)/(0j—¢;), v := (v;—¢;)/(V;—¢;), and p := (p—¢;)/(V;—¢;). The distributions
of the normalized effective cost ¢ and the normalized effective valuation v, truncated to

[Qj,ﬂj] and denoted, respectively, éj and F’j, are then given as

. 1—F(l—uf(1-0 - Go(ufc
F;(0) :=1- ol il 5 ) and G;(¢) = —0( JS >,
1— Fo(1—uP) Go(uy)
where uf and uf are overlap of support ratios defined in Section , see Figure .

Accordingly, the normalized fee is defined as

w;(p) = w(@j@; i])f T Qj).

For parameters 5 > 0 and o > 0, we refer to the distributions

F*(0):=1-(1-0)% and G*@) =&
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with (normalized) support [0, 1] as generalized Pareto respectively reflected generalized
Pareto distributions. In the statistics literature (see Appendix @ for some of the refer-
ences), the constants 5 and o are referred to as the Pareto tail indices. These have been
observed to be remarkably invariant over time for a number of applications.

Since there is a one-to-one mapping between (c;,¢;,v;,7;) and (c;, uf,ﬂj, uJB) we can
state our convergence results in terms of the latter.

Proposition 2. Let (Qj,uf,ij,uf) be an arbitrary sequence with uf and u}g going to

zero as j goes to infinity, satisfying ¢; <v; for all j. Then:

(i) the buyer’s and the seller’s normalized distributions converge to generalized Pareto

and reflected generalized Pareto distributions, respectively, that is,

i ~' D pu— —_ —_ D ﬁ 1 ~ . C pu— e
jli}rgo F;(0)=1—(1—-9)" and }E{}o G,(¢) =¢,

for all v € [0,1] and ¢ € [0, 1].

(i1) the normalized fee 0;(p) converges to a linear fee, that is:

1
Jlim @;(p) = ——

Proposition [2| implies that if ¢; converges to a well-defined limit ¢, then the fee w;
converges to w(p) = p/(1 + o) —¢/(1 + o), which can be obtained by inverting the
relationship between w, p and w, p, respectively.

We first provide an intuition for part (i) of Proposition . Convergence of the dis-
tribution is immediate when the primitive distributions Gy and Fy are (reflected) gen-
eralized Pareto distributions on [0, 1], that is if Gy(cy) = ¢ for ¢ > 0 and Fy(vg) =
1 — (1 —wp)? with 8 > 0, because this implies G;(¢) = Go(u7¢)/Go(u?) = & and
1— E(0) = (1 - FQ1 - uP(1—-10))/(1 — Fo(1 —uP)) = (1 —0)? for all j. In other
words, éj and F] do not change with j. This is, of course, the well-known property of
Pareto distributions that they are invariant to truncation. The intuition for part (ii) of
Proposition [2| is that for the limiting reflected generalized Pareto distribution to which

G converges, the optimal fee is linear.
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Figure 2: Density of truncated, rescaled distribution for a Beta distribution with support
[0, 1] and density go(c) oc ¢*(1 — ¢)* (solid line) compared to an approximating reflected
generalized Pareto density with support [0, 1] (dashed).

The reasoning in the above paragraph and part (i) of Proposition 2| do not yet con-
stitute a proof of part (ii) of the proposition since one still has to establish that the
transformation from distributions to fees is continuous. We relegate the proof to Ap-
pendix [B] and instead use Figures 2] and [3] here to illustrate the convergence behavior
of the underlying distribution to a Pareto distribution and of the optimal fee to a lin-
ear fee. The underlying seller’s distribution for both figures is a Beta distribution with
support [0,1] and a symmetric density proportional to ¢*(1 — ¢)*, and the truncated
supports in panels (b) to (e) in both figures are [0, u] with v € {0.7,0.5,0.3,0.2} with
associated masses of active traders of {0.9,0.5,0.1, 0.0Q}E Figure [2 displays the (trun-
cated, rescaled) densities of the Beta distribution and the density of the approximating
generalized Pareto distribution (dashed) while Figure 3| shows the optimal fee for the
truncated density (solid) and an approximating linear fee (dashed). A truncation that
only retains the lower 10 percent of the distribution — that is, u = 0.3 — already results
in a distribution that is visually hard to distinguish from a reflected generalized Pareto
distribution (Figure[(d)) and an optimal fee function that is barely distinguishable from
a linear fee (Figure [3(d))[

To analyze and interpret the true — that is, denormalized — fee w(p) that is approxi-

5 Formally, the displayed density is that of the truncated and rescaled distribution G, (c) := Go(c +
u(e —¢))/Golc + u(e — ¢)) for u € {1,0.7,0.5,0.3,0.2} for a Beta distribution with support [0, 1] and
density go(c) oc ¢*(1 — ¢)%.

16While for the Pareto distribution, the optimal fee does not depend on the buyer’s distribution, the
optimal fee in general does. This requires us to make assumptions about the buyer’s distribution in
Figure (3] which we assume to be the same as the seller’s and to be truncated to [u, 1] for the same values

of u as for the seller’s distribution.
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Figure 3: Optimal fee w(-) for truncated, rescaled distributions for the same setup as in
Figure [2[ (solid line) compared to an approximating linear fee (dashed).

mately optimal away from but sufficiently close to the limit, it is also insightful to con-
sider a j such that uf and uf are “sufficiently small” and to work with the denormalized

limiting generalized Pareto distributions

G (c) == (g:i) and 1 F*(v) = (Z:Z)ﬁ

where ¢ = v = ¢; and v = ¢ = v; for notational simplicity. Observe that G*(c) has the

linear virtual type function I'*(¢) = ¢(1 + 1/0) — ¢/, which implies that the fee

wi(p) =p—T""(p) (5)
is linear in p.

3.3 Comparative statics

The expression in offers a neat interpretation and simple comparative statics: A
monopsonist with valuation v who faces the supply G*(p) would set the price I~ *(v).
A more elastic supply means a higher monopsony price and hence a lower fee. As an
illustration, G (¢) = ¢ can be seen as isoelastic supply with elasticity o. As the elasticity
o increases, the fee ©(p) = /(0 + 1) decreases[l"| Surprisingly, and interestingly, the
fee is independent of the distribution of valuations, which is a point we will expand on

below.

17For the non-normalized price and a reflected generalized Pareto G, the fee w(p) = (p — ¢)/(1 + o)
decreases as o increases for all prices p that may be set in equilibrium. For out-of-equilibrium prices
p < ¢, w(p) increases in o. In what follows, we say that the fee decreases if w(p) decreases for all prices
p set in equilibrium.
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Recall the well-known industrial organization interpretation of the virtual type func-
tions ® and I' going back to Mussa and Rosen| (1978)) and |Bulow and Roberts| (1989):
if one views 1 — F(p) and G(p) as expected quantities demanded and supplied, ®(p)
and I'(p) have the interpretation of marginal revenue and marginal cost functions.@ In-
terpreting 1 — F(p) and G(p) in this way, one can then define the price elasticity of
demand at v as ng(v) := vf(v)/(1 — F(v)) and the price elasticity of supply at ¢ as
ns(e) = cg(e)/Glc).

The comparative statics with respect to 7, are as expected: a global increase in 7,(c)
leads to lower fees because an increase of 14(c) for all ¢ implies a decrease of T'(¢) = ¢(1+
1/ns(c)) and hence an increase of I'"! and a decrease of wr(p) = p—E,[I1(®(v))|v > p],
which corresponds to the results on isoelastic supply and monopsony above. The effect
of the elasticity of demand 7y (and equivalently of ®(v) = v(1—1/n4(v))) is clearly more
complicated. It is useful to first consider the limit, in which G* is reflected generalized
Pareto, so that both I'* and the optimal fee w; are linear. Equation shows that in
this limit, the elasticity of demand does not play any role for the fee whatsoever. This
suggests that the way I' differs from a linear function determines how 7, affects the
optimal fee. As shown below, this is indeed the case, and we also provide an intuitive

economic interpretation of the effects of the elasticity of demand.

Proposition 3. Assume '™ can be represented on its domain by its Taylor series around

v. Using the Taylor expansion of T~ (x) around v, the net price received by the seller is

. second-derivative price endogeneity effect
monopsony price N

T Y, IR
p—wip)= T (p) + 5 Var,p[®(v) — vlv > p
o (6)
+ 3 BB, (@)~ )"l > p] — Everl@(0) ~ o > 517,

higher-derivative price endogeneity effects

where 7, := (I ™ (T) denotes the n-th derivative of T~ at T.

Recall that a monopsonist with value x would set the monopsony price I'"!(z). Nat-

urally, the intermediary’s valuation for the good is p because p is what the buyer will

18Setting ¢ = 1 — F(p), the revenue when selling ¢ is F~(1 — ¢)q. Consequently, marginal revenue is
[F~1(1 - 0)al,—p-1(1_q = ®(p). Analogous reasoning applies to I'(p).
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pay. Therefore, absent any other effects, the seller’s net price should be I'"!(p), which is
exactly what the seller receives when I is linear. In other words, for linear I' and hence
linear fees, the price setting incentives of the seller are aligned with the intermediary’s
objective, so that the intermediary does not have to distort the monopsony pricing rule.
However, if I" is not linear, the intermediary has to take into account that the price
p is determined endogenously, which requires the optimal net price the seller receives
to be adjusted in order to incentivize the seller, which is reflected in the second- and
higher-derivative effects.

According to Proposition [3] 7 has no first-derivative effect on the optimal fee. Indeed,
as seen above when G is a reflected generalized Pareto distribution, w;(p) is independent
of F. However, the second- and higher-derivative effects can go either way. To see this,
assume that I'~!(z) is quadratic, that is, it is of the form I'"*(z) = 7, +7,2 +7,2?/2.The
quadratic form shuts down the higher-derivative effects and allows us to focus on the
second-derivative price endogeneity effect. The effect of a change of the elasticity of

demand depends on the curvature, as shown in the following proposition.

Proposition 4. Assume I'"! is quadratic. Then an overall increase of the demand
elasticity leads to (i) an overall increase of the fee if T™' is convex, (ii) an overall

decrease of the fee if T' is concave, and (iii) no effect if T~ is linear.

Part (i) of the Proposition is surprising and counterintuitive at first as one would
expect more elastic demand to lead to lower fees. However, the intuition is that a more
elastic demand causes the seller to lower the price excessively from the intermediary’s
point of view. To compensate for this, the optimal fee increases. If I'"! is concave, the
CONverse occurs.

Important contributions by Bulow and Pfleiderer| (1983)), |Aguirre et al.| (2010), Bu-
low and Klemperer| (2012), and [Weyl and Fabinger (2013)) have identified a number of
properties of the demand function such as its curvature, the curvature of the inverse
demand function, the pass-through rate, and the markup- or quantity-weighted aver-
age pass-through, which prove useful in a variety of contexts in industrial organization.

Naturally, one may then wonder whether the counterintuitive result that optimal fees
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are sometimes higher for a higher elasticity of demand may be explained by alternative
properties of the demand function. The example with ['"! quadratic shows that the
answer is no. Any change of any property of the demand function F' that leads to higher
fees for I'~! convex will lead to lower fees for I'"! concave and will have no effect on the
fees for a linear I'"!. This can be seen directly by plugging a quadratic I'"! into (), i.e.,
dropping the higher-derivative price endogeneity effects.

These results may also be of relevance for the practice of competition policy. When
there is suspicion that fee-setting intermediaries, such as auction houses and platforms
or real-estate brokers, collude, the standard approach would be to estimate the demand
function and to then evaluate how closely prices are to the monopoly price implied by
the estimates. Our analysis suggests that in thin markets with intermediaries, the more
relevant object of interest is the elasticity of supply rather than the elasticity of demand.
As a first-order approximation, the elasticity of demand does not matter for the fees of
a profit-maximizing intermediary. Instead, colluding intermediaries should be expected
to leave a net price to the seller which corresponds to the price set by a monopsonist

whose valuation, as a first-order approximation, is the gross price.

4 Generalization

Motivated by the widespread use of fee setting in intermediated markets in which buyers
arrive over time, we now set up and analyze a more general infinite-horizon model with
commitment. By extending the model to allow for multiple and randomly arriving buyers
in each period and the intermediary to maximize a weighted average of its and the seller’s
expected surplus, we will show that the key insights of the previous section—optimality
of fees, and optimality of linear fees in thin markets—generalize considerably. Along
the way, we introduce the concepts of dynamic virtual valuation functions, weighted
virtual valuation functions, and discounted probabilities of trade that allow for a natural
generalization of the results in the previous section. In particular, we will see that the
optimal fee increases as the intermediary extracts more rents and that if G is a reflected

generalized Pareto distribution, the optimal fee is independent of the discount factor and
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thus the same as in a static setting.

4.1 Preliminaries

We first introduce the setup for the infinite-horizon model and then define direct mech-

anisms for this setting.

Infinite-horizon setup Time is discrete and indexed by ¢t = 0,1, .... In every period ¢,
there is a fixed number of potential buyers B, each of whom enters with the independent
probability 7, so that the probability mp of having exactly B < B buyers is given by
the probability mass function for the binomial 7p := g (1 — ﬁ)E*B . Buyers
who participate are sometimes also called bidders. Each bidder draws her valuation
v independently from the distribution F' with support [v,7] and density f(v) > 0 for
all v € (v,7). The distributions of the highest and second-highest draws from F' with
support [v, 7] are denoted by Fqy(v) and F9)(v) and given by Fiy)(v) := ZEZO npF(v)B
and Flo)(v) 1= F1)(v)+ (1= F(v)) Zgzl mpBF(v)P~!, respectively, with densities f)(v)
and f2)(v).

The seller and the intermediary have the common discount factor § € [0, 1), which
may represent time preferences or the period-to-period probability that the seller stays
in the market as in [Satterthwaite and Shneyerov| (2008)), or a combination thereof. That
said, the interpretation of many concepts used in the mechanism design framework is
most straightforward if one interprets d as a pure survival probability.

The seller and the intermediary contract at date 0. For a given incentive compatible
and individual rational dynamic mechanism, denoted (@, M) and spelled out in more
detail below, we denote the seller’s and the intermediary’s expected discounted profit
when the seller’s cost is ¢ by Ws(c) and Wy(c), respectively. We assume that, subject

to incentive compatibility and individual rationality constraints for the buyers and the

seller, the contract between the intermediary and the seller maximizes over (Q, M)
EclaWi(e) + (1 = a)(Wi(c) + Ws(c))] (7)

where « € [0, 1] can be thought of as a reduced form parameter that measures competi-

tion between intermediaries for sellers with o = 1 corresponding to monopoly (or perfect



4 GENERALIZATION 23

collusion) and o = 0 capturing perfect competition. Setting d =0, = 1 and B = 1
with m; = 1 yields the model analyzed in Section |3| as a special case.

The contract between the intermediary and the seller ends when the seller exits,
which can happen because of the exogenous probability of exit or because the seller’s
object is sold. In addition, only buyers who have arrived can be contracted with, and
because each buyer is short-lived, buyers only participate in the period in which they

arrive.

Dynamic mechanisms with commitment We say that a mechanism is active in
period t if the seller has not exited prior to t. A mechanism is direct if it asks all agents
who participate in the mechanism to report their types. For the seller, this simply
means that he reports his cost ¢ at date 0. A direct mechanism then asks all buyers b
who enter in period 7 > 0 to report their valuations v, € [v, 7] to the mechanism designer.
The valuations of buyers who do not enter are set equal to —oo. Thus, v, = —oo with
probability 1 —7, while for v € [v, 7] its unconditional cumulative distribution function is
Pr(v, <wv) =1—7+7F(v). Whether they enter or not, buyers are indexed in increasing
order, so that in period 0, there are B buyers and by period 1 the set of buyers has 2B
elements. Accordingly, in any given period ¢ the vector of valuations v* is B-dimensional
and an element of VB where the support is denoted by V := ({—oco} U [, 7]). For each
t >0, let v; := (v°,...,v") be the vector that contains all valuations from period 0 to
period ¢, which is (¢ + 1) B-dimensional. To ease notation, we denote the set of period ¢
buyers by B; := {tB+1,...,(t + 1)B} and the set of all buyers by B := UX ;.

A direct mechanism (Q, M) consists of an allocation rule Q := (Qg,Qp) and a
payment rule M := (Mg, M p) as follows. The probability that the seller of type ¢ sells
the good in period t given v, is denoted Q% (vy,c). The probability that buyer b € B; is
allocated the good in period ¢ upon the collection of reports (v, ¢) is denoted Q) (v, ¢).
The probability of being allocated the good is also 0 for all buyers who do not enter.
Analogously, the payment made by buyer b € B; to the mechanism designer given reports
(vy, ¢) is denoted M{(vy, ¢) and the payment from the mechanism designer to the seller is

denoted M%(vy,¢) . If the mechanism is no longer active in period ¢, then all payments
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and probabilities are 0. Feasibility further requires
S Ql(wir) < Qhlvrs o) )
beB;
for all ¢, all B, and all (v, ¢) H Conditional on being active at the beginning of period ¢,
the good is sold with probability Q% (v, c). If § is interpreted as a survival probability,
the mechanism remains active in period ¢t+1 with probability §(1—Q%(vy, ¢)). If § instead
represents pure time discounting, the physical continuation probability is 1 — Q% (vy, ¢),
while (1 — Q%(vy, ¢)) is the corresponding discounted continuation weight.

For a given (v, ¢), letting Q% (vy, ¢) := (Qh(vy, ¢))pes, and Mg (vy, ¢) := (M (vy, €))pes,,
we have Qs (v, ) = (@401, 0)) =y Qi(v,¢) i= (@, (v0,0)) =y Ms(v,) i= (M (s, )%,
and M p(v,c) := (M, (v, ¢))
ment rules @ and M are, respectively, collections { Qg (v, ¢), Qz(v,c)} and {Ms(v,c), M g(v,c)}
for all possible (v,c). That is, Qg : V® x [¢,¢] — [0,1], Q5 : VB x [¢,¢] — [0,1]5,

Mg : VB x [c,¢] = RY and Mp : VB x [c,¢] — RE, where, Q = (Qg, Q) satisfies in

ZO , where v = v,,. Consequently, the allocation and pay-

addition the constraints imposed by feasibility.

A direct mechanism (Q, M) is said to satisfy interim individual rationality and
(Bayesian) incentive compatibility if it satisfies these constraints for every possible type
of every buyer who participates and for the seller in expectations at date 0. Observe that
in principle this allows for the seller’s individual rationality constraint to be violated in
some periods t > 0. However, as we will see, with the fee-setting implementation of the
optimal mechanism, such violations never occur.

The focus on direct mechanisms is now easily seen to be without loss of generality:
In every period ¢, no mechanism that respects buyers’ incentive and interim individual
rationality constraints can do better than a direct mechanism that respects these con-
straints (see e.g. Krishnal 2002). Applied iteratively, this then implies that no incentive
compatible and interim individually rational mechanism can do better than an incentive
compatible and interim individually rational mechanism that asks the seller to report

his type in period 0.

190f course, this is a weak physical feasibility constraint expressed in terms of probabilities. However,
as is well known, by the Birkhoff-von Neumann theorem, is also sufficient to guarantee that feasibility
can be satisfied ex post.
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4.2 Optimal dynamic mechanisms

We first derive the optimal direct mechanism. We say that the good is auctioned off in
period ¢ with reserve p; if Q}(v',¢) =1 if v, = maxyep, vy and v, > p; and Q% (vh, ¢) =0

for all b € B, otherwise[”)

Lemma 1. A mechanism (Q, M) is optimal only if the good is auctioned off in every

period t at some reserve p;.

Lemma (1| implies that the choice set for allocation rules @ can be narrowed down
to sequences of reserves p(c) = (pi(c)),—y, one sequence for every seller type ¢, with
the understanding that, provided the mechanism is still active in period ¢, the good
will be sold to the buyer with the highest valuation present in that period, provided
this valuation is no less than p;(c). The mechanism design problem thus boils down to
determining these optimal reserves.

To make headway in this direction, the concept of the ultimate probability of selling
for a seller who reports type ¢, which was introduced by [Satterthwaite and Shneyerov

(2008) and is defined as

qs(c) :=E,

Z Qg'(’vh C) l:I 5(1 - Qg(’vﬂ C))] )

proves useful. A further concept that simplifies the analysis is the ultimate conditional
expected revenue. Since this concept is more technical, we defer its definition and discus-

sion to the proof of Lemma 2] The seller’s expected discounted payment is

mg(c) == E,

> M(vy,c) 1:[ 5(1 — Q%(v,, c))] .

In a direct mechanism, the seller of type ¢ who reports truthfully has thus an expected
discounted payoff of
Ws(c) = mgs(c) — gs(c)e,

29This definition neglects the possibility of ties at the highest value, which have probability 0. To
account for such ties explicitly, one can arbitrarily set Q}(v',¢) = 1 for a buyer b with the highest
valuation, where, say, b has the highest index among all buyers with the highest value.
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while the intermediary’s expected discounted payoff when facing a seller who reports to

be of type c is

W[(C) = EU

> (Z Mj (v, c>> T50 - Q3(o-. c>>] — ms(c).

t=0 beB,
Standard arguments then imply that a direct mechanism satisfies the seller’s incentive

compatibility constraint if and only if gs(c) is monotone in ¢ and

ms(e) = asicle + [ as(o)dz + Ws(@) ©)
holds (see e.g. |[Krishna, [2002)). Monotonicity of ¢g(c) implies that the interim individual
rationality constraint will be satisfied if it is satisfied for the seller of type ¢, that is,
if Wg(¢) > 0. Because Ws(€) enters the objective function as the constant —aWs(¢),
optimality requires Wg(¢) = 0 for a > 0. For a = 0, we set Wq(¢) = 0 without loss of
generality.

As usual, reversing the order of integration in the double integral that results from
taking expectations shows that the ex ante expected payment to the seller given the
ultimate probability of selling gg is E.[mg(c)] = E.[['(c)gs(c)], while the seller’s ex ante
expected payoff is E.[Ws(c)] = E[(T'(¢) — ¢)gs(c)]. Consequently, the objective in (7]
can be rewritten as

3 (Z Mzwt,c)) T15(1 - Q5(ws.0))

t=0 beB;

Eo.c = E[(I'(c) = (1 = a)(T'(¢) = ¢))gs(c)].

Notice that E.[(T'(c) — (1 — a)('(c) — ¢))gs(c)] = E.[(al'(c) + (1 — a)c)gs(c)]. Thus, the
relevant object from the intermediary’s perspective vis-a-vis the seller is the weighted
virtual cost

Lu(c) :=al'(c) + (1 — a)c,

which is the weighted average of the virtual cost I'(¢) and the seller’s cost c. Observe
that monotonicity of I'(c) implies monotonicity of I',(c). Thus, the mechanism design
problem with regard to the seller is effectively the same as in the static setup, except that
['(c) is replaced by I'y(c). Note also that I',(c) increases in « and satisfies I'(c) = 'y (c).

Moreover, T',(c) increasing in « implies that I',! decreases in a.
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With this in hand, solving the intermediary’s mechanism design problem is effectively
the same as solving for the optimal selling mechanism for a seller whose cost is I',(c)
rather than c¢. As it turns out, by appropriate transformations of distributions and the
revenue function, the optimization problem in the dynamic model with random arrival of
buyers can be represented and solved as the problem faced by a seller in a static setting
with a single buyer.

Specifically, denote by
J, ®()dF)(v)

1 — Fuy(p)

the expected revenue conditional on selling when setting a reserve price p. Note that

R(p) :==

in the static problem with one buyer analyzed in Section , we have R(p) = p because

Fuy = F and fvv—)(éiw . The optimal selling problem is then to
m;lX(R(p) - Fa(c))(l - Foo(p))a (10)
where

1= Foo(p) := (1 = Fy(p (Z 8'F( ) = % (11)
is the ultimate probability of selling when setting the price p in every periodﬂ Thus, the
optimal reserve in the dynamic setting is the same as the optimal reserve set in a static
setting in which a single, albeit fictitious, buyer draws her value from the distribution

F,, and generates an expected revenue conditional on trade given reserve p of R(p).

The first-order condition for a maximum 1is

0= 1) [Fule) ~ (R~ =5 P ) 000 ) |

which uses the readily established facts that R'(p) = %(R(p)—q)(p)) and 1f(;21($ ()p) 1;52)()1” ) —

. We denote by

B(p) = R(p) - 0 () — ()

21This concept is inspired by [Satterthwaite and Shneyerov| (2007, 2008)’s notion of the “ultimate
discounted probability of trade”. If one interprets the discount factor as the probability of drop-out,
1 — F is the probability of selling taking into account that one might die with probability 1 — ¢ in
every period.
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the dynamic virtual valuation, whose derivative can be shown to satisfy & (p) = %%)(p)@’ (p) >

0. Hence, ® is invertible and the optimal reserve p*(c) thus satisfies
p(c) = 7 (Ta(0)). (12)

In other words, the good is sold in the earliest period in which ®(v) > I's(c), where v is
the highest valuation among buyers in that period. When the good is sold, it is sold to
the buyer with the highest valuation.

Observe that ®(7) = 7 and that ®(v) decreases in § for any v € [v,7). At § = 0,
we have ®(v) = ®(v). Because I'4(c) increases in «, it follows that p*(c) increases in o
and in 6. That is, the optimal reserve price increases as the intermediary’s market power
increases and when the future matters more (which is equivalent to less friction when
trying to find a buyer).

We summarize the optimal allocation rule in the following lemma:

Lemma 2. In any optimal mechanism, the good is sold to the buyer with the highest
valuation present in that period, in the earliest period t for which

D (1) >
max O (vp) > Lulc),

and the expected payoff of every buyer of type v and of the seller of type ¢ is 0.

Lemma generalizes Theorem 3 of Myerson and Satterthwaite| (1983) to our dynamic
setting with multiple buyers using the concept of the dynamic virtual valuation. It is
based on the insight that in any optimal mechanism, the good goes to the buyer with the
highest value in any given period if this value is above some threshold, and stays with
the seller otherwise. Lemma [2| adds to this the insight that the good goes to the buyer
with the highest dynamic virtual valuation, appropriately defined, provided it exceeds
[, (c). Intuitively, Myerson and Satterthwaite| (1983) find in a one-shot setup with one
buyer and one seller and o = 1 that the good is transferred whenever ®(v) exceeds
['(¢). In the language of optimal monopoly pricing, this means that the good changes
hands whenever marginal revenue is larger than marginal cost (see footnote (18| for why

virtual types can be interpreted as marginal revenue and marginal cost). In our setup,
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the dynamic virtual valuation ®(v) has to be used to adjust for the option value of future

trade and the weighted virtual cost I',(c) to account for the weight on the seller’s utility.

4.3 Implementation via optimal fees

We now show that the optimal mechanism can be implemented via an appropriately
structured fee that is levied on the transaction price. The seller’s choice variable in
every period is to set a reserve price. If there are multiple buyers present in that period,
they participate in a second-price auction with that reserve.

Lemma[2]derived the optimal allocation rule. This allocation rule can be implemented
via fee setting if a seller of type ¢ can be induced to set the reserve price p*(c) defined
in in every period in which he is active. If this is possible, then bidding in the
second-price auction will ensure that the object goes to the buyer with the highest
virtual valuation while the reserve price p*(c) ensures that trade only takes place if this
virtual value, that is ®, exceeds [, (c). The discounted probability that a seller of type
¢ who always sets the price p*(c) ever sells is 1 — F,(p*(c)). A seller with cost I';!()
should optimally set the price ¥ and never trade. By a standard revenue equivalence
argument (see e.g. Myerson, 1981)), the expected discounted payoff V' (c) of a seller of
type ¢ € [¢, T, (v)] who always sets the price p*(c) is pinned down by the allocation rule

and given by
Iyl (@)
Vie) = / (1 - Fu(p"(9)))dy.

With this in hand, we can now describe the optimal transaction fees for the dynamic

problem, which we denote w, s(p).

Proposition 5. A fee-setting mechanism that in every period t = 0,1... in which it is

active uses the fee

Sy [Pat (@) + 8V (T3 (8(0)))] f0)dv
1—F(p)

Wa,s(p) == p — (13)

defined on the equilibrium reserve-price range [~'(c), D], implements the optimal mech-

anism, whose allocation rule is described in Lemma |3,
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Note that for « = 1 and 0 = 0, the fee w,s(p) is the same as w;(p) derived in
Section [3] that is, w1 o(p) = wr(p) holds. This also means that the number of buyers does
not matter for the optimal static fee wy(p), which reflects the well-known fact that the
optimal reserve in a standard first- or second-price auction is independent of the number
of buyers and equal to the optimal take-or-leave-it offer to a single buyer. However,
in the dynamic setting, the arrival process of buyers affects, in general, the optimal fee
because @ depends on F{yy. Notice also that a lower o means an overall lower fee, because
less weight is put on the intermediary’s revenue; that is, as a decreases, the integrand
increases because I',! increases and thus the fee decreases. In contrast, the effects of
increasing & cannot be signed in general because ® decreases while V increases in é.
As noted, p*(c) increases in o and in §, but reflecting the properties of the static setting
with respect to the elasticity of demand and the price-endogeneity effect, the effects of
0 on the fee can go either way.

Further, the optimal fee is linear and independent of ¢ if G is a reflected generalized
Pareto distribution. In the dynamic setting, however, the linearity of this fee is not
immediately apparent from the general expression for the optimal fee. The reason is
that a non-linear fee implies payoffs for a seller with a fee that are equivalent to those of
a non-risk-neutral seller without a fee and utility function p — w, s(p), so that the seller
takes into account uncertainty and intertemporal trade-offs. (This equivalence is purely
mathematical; the seller, of course, remains risk neutral.) However, if the fee is linear,
a seller with a fee is equivalent to a risk-neutral seller without a fee. Formally, a seller

with cost ¢ facing a linear fee w(p) = a + bp solves the maximization problem

max((1 — b)R(p) —a — ¢)(1 — Fx(p)),

p
mirroring that faced by the intermediary in . The optimal price set by the seller

satisfies
_cta

P(p) = T

1
Thus, choosing a and b such that ££¢ = T';(c) makes this linear fee optimalﬁ

22The seller’s problem cannot be collapsed into an equivalent static optimization when the fee is not
linear because then w(R(p)) is not equal to the expected value of transaction fees paid, conditional on
trade given the reserve price p.
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Summarizing all of this, we have the following corollary to Proposition

Corollary 1. The optimal fee w, 5(p) increases in «. It is linear if the seller’s distri-
bution is a reflected generalized Pareto distribution, in which case it is pinned down by
a and the parameters of the seller’s distribution and thus independent of 6, F and the

arrial process.

As an illustration, reconsider the static setup by setting § = 0, which has been
studied extensively in the literature. For any fixed number of buyers B (i.e. 75 = 1
for some positive integer B) and any distribution F' satisfying regularity, our fee-setting
mechanism specializes to the optimal auction with reserve p*(c) = ®~!(c) of [Myerson

(1981) if all the weight is on the seller’s welfare (o = 0).

Thin dynamic markets We now return to the thin market setting for types and
distributions introduced in Subsection 2.3] and show that, just like in the static setting,
the optimal fees become linear as the overlap in supports between the buyers’ and the
sellers” distributions vanishes. That simple, linear fees are optimal in the dynamic setting
is remarkable given that, in general, the structure of the optimal fee w, s is substantially
more involved than that of the optimal fee w; in the static setup. The following propo-
sition shows that as the market becomes thin, asymptotically the optimal fee becomes

linear.

Proposition 6. Let (gj,uf,ﬂj,u

f) be an arbitrary sequence, with ujs and uf going to
zero as j — 00, satisfying ¢; < v; for all j. Then:

(i) the buyers’ and the seller’s normalized distributions converge to generalized Pareto
and reflected generalized Pareto distributions, respectively, that is, lim;_,. Fj(ﬁ) =1-
(1 =) and lim;_,o G;(8) = &.

(1) the normalized fee w;(p) converges to a linear fee, that is:

«

lim @,(p) = ——p. (14)

j—o0 o+ o

As before, if ¢; converges to a well-defined limit ¢, then the fee converges to w(p) =

la/(a+0)]p—[a/(a+0o)]c. For a = 1, the limit fee is the same as in the static one-buyer
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setting in Section [3] The fee decreases as a decreases and becomes 0 for a« = 0. This
shows that the results on the convergence to linear fees are fairly robust and generalize

beyond the one-buyer one-period setting.

5 Discussion

In this section, we provide a brief discussion of extensions, robustness, and empirical

implications.

Non-stationarity Let us first briefly explain how our analysis can be extended to ac-
count for non-stationary environments at what is essentially a cost in notation. Assuming
that the sequences of time varying discount factors J;, distributions F; and random ar-
rival processes 7y are known, one can proceed in analogy to the way we proceeded under
the assumption of stationarity. Although the optimal transaction fee w; in period ¢ will
in general vary over time because of non-stationarity, a simple argument based on what
we call “expectational fees” (which are defined and derived in Lemma [3[in Appendix
shows that, in the limit as markets become thinner, the optimal (normalized) transaction
fees will be linear and stationary in the limit, too. The limit results also hold in richer
dynamic environments, including stochastic changes in buyers’ valuation distributions
and deadlines after which the seller exits the market for sure. Appendix [C|contains more
details. The stationarity of the optimal limiting fees is particularly remarkable because

the optimal reserve price path chosen by the seller will in general be non-stationary.

Non-durable and durable goods The general, dynamic model can be seen both
as a model of non-durable goods (which provide a one-off consumption utility when
consumed) and of durable goods (which provide a consumption utility in each period
they are consumed). A durable goods setting translates in a straightforward way into
our setting with valuations (or opportunity costs of selling) being the net present value

of consumption utilities |

23To see this, consider the non-durable good setup in our model, in which a seller of type c has a payoff
of 0 if he never trades and an expected discounted payoff of §7 (p — ¢) if he trades at price p in period T
Alternatively, we could assume that the good is durable, i.e., the good gives the seller a utility of é in
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Intermediary’s opportunity costs per transaction In many markets, transactions
are not necessarily costless for the intermediary, either because they involve a direct re-
source cost or because they compete with goods that the designer could sell directly
to buyers. We denote this opportunity cost per transaction by x > 0 and revisit, for
simplicity, the static bilateral-trade setting analyzed in Section [3| in which the inter-
mediary maximizes its expected profit. If K > ¥ — ¢, the optimal mechanism never
induces trade; hence, suppose that k < v — ¢. A straightforward extension of [Myer-
son and Satterthwaite (1983) implies that the optimal mechanism trades if and only
if ®(v) > I'(c) + k. Similarly, a straightforward generalization of Proposition |1 shows
that this mechanism is implemented by wr(p,k) = p — E, [T "Y®(v) — k) | v > p),
defined on [®~!(c + ),v]. This fee is increasing in k. If G(c) is of the form in (4)),
then wy(p, k) = p—[c+ o(p — k)]/(1 + o). Thus, the optimal fee is linear in p and &,
independent of F, and satisfies dwr(p, k)/0k = o /(1 + o)

Linear fees, first-price auctions, and the informed principal problem Given
linear transaction fees w, the payoff of the seller upon selling at some price p is linear in
the transaction price. Consequently, linear fees correspond to the case where the seller is
a risk-neutral agent with a linear von Neumann-Morgenstern utility function. As is well
known, with risk-neutral agents the revenue equivalence theorem appliesﬁ This implies
that, given linear fees, using a first-price auction in which the seller sets the reserve is
equivalent to the second-price or the strategically equivalent English auction we have
worked with. Moreover, due to the results for the informed principal problem in linear
environments with independent private values of Mylovanov and Troger| (2014)), keeping
fixed the linear fee the expected payoffs conditional on type would be unchanged if the

seller could choose the trading mechanism after having learned his type (in any strongly

every period in which he consumes it. Under this assumption, if he never sells, his expected discounted
utility is é/(1 — 0). In contrast, if he sells at price p in period T, his expected discounted payoff is
§Tp+¢&(1 —67)/(1 — §). Taking the difference, one obtains 67 (p — ¢/(1 — d)). Thus, for ¢ = &/(1 — 6)
the two models are isomorphic.

24To see this, substitute the proposed fee into the seller’s pricing problem. Every seller type ¢ <
'L (v — k) optimally sets p = ®~1(I'(c) + k), while seller types above this cutoff do not trade.

25The only additional assumption with a random number of bidders is that bidders be symmetrically
informed about the number of other bidders participating (see e.g. Krishna, 2002, chapter 3).
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neologism-proof perfect Bayesian equilibrium). Thus, under linear fees, the broker could
even delegate the choice of sale mechanism to the seller. This has the important implica-
tion that the intermediary could generate his revenues in a decentralized way: he simply
sets the linear fees and can leave the choice of the details of the bargaining protocol to

the seller.

Empirical implications Our theoretical results have empirical implications that are
consistent with observations in several markets. A first implication is that in a static
model with an English auction (which is a reasonable approximation of auction houses,
such as Sotheby’s and Christie’s, and online auction sites, such as eBay), the fee is
independent of the number of bidders in the auction. This result is similar in spirit to
the aforementioned result that the profit-maximizing reserve price in a first- or second-
price auction with private values is independent of the number of bidders. Moreover, it
is consistent with the observation that the fees of auction houses and platforms do not
depend on the number of bidders.

Second, if the optimal fees are linear, then the fee should be independent of the
number of buyers and the distribution of their valuations even in a non-stationary setting.
Empirically, one observes that indeed the fees of real-estate agents and of auction houses
and platforms exhibit little variation over time and across regions (see Hsieh and Moretti
(2003) who report the surprising invariance of real estate brokerage fees in the US).

For the specific example of real estate brokerage fees, a number of additional obser-
vations are consistent with the predictions of our theory. First, sellers with a higher
loan-to-value ratio ask higher prices (Genesove and Mayer, 1997)). Second, sellers who
had bought their houses when average real estate prices were high, ask for higher prices
than those who had bought when prices were low (Genesove and Mayer| 2001)). Third,
quality-adjusted prices and time on market of houses are positively correlated in cross-
sectional data and negatively correlated in longitudinal data. Fourth, direct sellers — that
is, private owners who sell their houses without a broker or brokers who sell their own
houses — sell at higher prices than private owners who sell through a broker (see [Ruther-

ford et al., [2005; |Levitt and Syverson, [2008; [Hendel et al., 2009). All these observations



6 CONCLUSIONS 35

are either predicted by or at least consistent with our theory[”

6 Conclusions

We provide a parsimonious theory of optimal transaction fees and show that the optimal
fees converge to linear fees as markets become increasingly thin. While the main purpose
of this article is to develop a general model of transaction fees as optimal pricing, a
positive side effect of having such a theory is that it resolves many of the puzzling
observations documented in the empirical literature on real-estate brokerage fees by
providing an alternative to the principal-agent view. Moreover, if linear fees are optimal,
then up to the usual truncation the fee pins down the seller’s distribution and the posted
prices pin down the buyers’ distribution.

The mechanism design approach is a powerful tool for monopoly pricing problems.
By leveraging the revelation principle and focusing on direct mechanisms, it permits
deriving optimal mechanisms without any contractual restrictions. The downside to this
approach is that direct mechanisms are typically not used in practice, which makes it
difficult to relate optimal mechanisms to observables. The present paper takes a step to-
ward bridging the gap by connecting practically used mechanisms — transaction fees and
their functional form — to theoretically optimal mechanisms. This suggests a possible
productive path forward of first formulating and solving the mechanism design prob-
lem and then looking for practical mechanisms that implement that solution. Rather
than imposing contractual restrictions, researchers embarking on that path might then
consider restricting the family of type distributions to those that are consistent with op-
timality and the observed mechanisms. As a case in point, if linear fees are optimal, then

that restricts the seller’s distribution to be a reflected generalized Pareto distribution.

26The first and the second observation can be explained by the seller’s opportunity cost of selling being
correlated with the loan-to-value ratio and the seller’s valuation at the previous transaction, respectively.
For the third observation, the cross-sectional prediction is simply due to higher prices leading to a longer
time on market. For the longitudinal prediction, observe that in a static model, the seller’s reserve price
is independent of the number of bidders arriving, which naturally generates high prices and short times
on market when there are many buyers. It generates the opposite if there are few buyers. We show
in Proposition 4 of our companion paper (Loertscher and Niedermayer| (2026])) that the fourth stylized
fact is consistent with our theory.
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Appendix

A Details of identification with linear fees

First, observe that the cost distribution of sellers whose costs are so high that they never
sell does not affect the fees. So we can only make statements about sellers who sell with
positive probability. Denote the truncation threshold above which sellers do not partic-
ipate (because they sell with probability zero) as ciune. Given that the intermediary’s
optimal allocation rule is ®(v) > I'(c), sellers with I'(¢) > ®(v) sell with probability
0, so that cyue = I7H(@(W)) = I'"}(v). Denote the truncated distribution of sellers’
costs as Girunc(¢) := G(¢)/G(Ctrunc). In the following, we show that observing a linear
fee function wy (p) uniquely identifies Gipune up to the truncation threshold cypupe.

A related question of interest is whether the distribution F' is identifiable given the
distribution F), of prices ®~(I'(c)) posted by the seller, i.e. whether we know F if we
hypothetically observe an infinite sample size of prices. We show that we can identify
Cirune and the distribution F' up to a truncation at the bottom, that is, we can identify
the distribution of the valuations of buyers who buy with positive probability. Formally,
the truncated distribution is 1 — Fiune(v) := (1 — F(v))/(1 — F(Vtrunc)), Where vgune 18

the truncation point.

Proposition 7. Assume the intermediary’s fee is optimal and that the seller’s pricing
18 optimal.

(i) The optimal fee is linear if and only if the seller’s truncated cost distribution G .
is a reflected generalized Pareto distribution as defined in (). A fee wy(p) := a+bp, with
b€ (0,1), identifies Gune as defined in with ¢ = —a/b, € = ¢yyne, and 0 = (1 —10)/b.

(i) If we additionally observe the distribution of prices F,, then the seller’s truncation
POINt Corune 15 1dentified as Ciyne = (1—b)Fp_1(1) —a and the buyer’s truncated distribution

Firune 1s identified as

Fipunc(p) =1 — exp (— / p x_d—j(x)) (15)

(@ + bCtranc) Fo(x) T — a(1 — b)
b(1 — b)

where

A(x) = (16)
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and Viune = F;71(0).

p

Proof. Let I'tpune(¢) := ¢4 Girune(€) / Gtrunc (¢) and Pirune(v) := v — (1= Firunc(v)) / forune (V).
For the truncations considered here, I'iune = I and ®ypyne = P on the relevant supports.

Part (i): We have already shown that Giune(c) as in (4) implies a linear virtual cost
function and hence a linear fee. We are thus left to show that linear fees imply Gyunc(c) as
in (). Plugging in wy, in the seller’s objective function yields ((1—b)p—a—c)(1—F(p)) =
(1-b) (p— (c+a)/(1 = b)) (1=F(p)). The seller’s first-order condition can be rearranged
to ®(p) = (c+a)/(1—b). Implementing the optimal allocation rule requires ®(p) = I'(c).

Thus, the linear fee is optimal if and only if

c+a
1-5b

=I'(o),

that is, if and only if I'(c) is linear.

Writing I in terms of Grune and giune in the above equation yields a linear differential
equation in Guune: Grune(€) = Gorune(€)(1 — b)/(a + be). Combining this differential
equation with the initial condition Girune(Cirune) = 1, we get an initial value problem that
has a unique solution by the Picard-Lindel6f Theorem. The solution is the distribution
in (4) with ¢ = —a/b, ¢ = Cyune, and o = (1 — b)/b, which can be easily verified by
plugging in the solution into the initial value problem.

Part (ii): Assume that we observe the price distribution F,. Cyunc is such that a
seller of this type sets the price v and is just indifferent between selling and not selling,
i.e. Cygune = U — w(?). Substituting in w(p) = a + bp and T = F,; (1) yields the
expression for Cyune in the Proposition. v is the lowest price set in equilibrium, hence
Utrune = Fp_1<0)-

Firune can be obtained in the following way. A seller of type c¢ sets the price p =
®~1(T(c)), therefore, c = T~1(®(p)) holds for the seller’s cost ¢ ~ G and hence the price

distribution F), satisfies

for all p € [Vrune, V|- Applying inverse functions, the above equation can be rewritten

as y(p) = ®(p), where y(p) := ['(G1(F,(p))). Writing ® in terms of Firune and foune
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and rearranging yields the differential equation fiunc(p) = (1 — Firunc(p))/(p — 7(p))-
Together with the initial condition Firyne(Vgune) = 0, we get an initial value problem
with the unique solution provided in (15, which can be verified by plugging in the
expression in into the initial value problem. The expression for v in can be
implied

—1
trunc

obtained by plugging in the previously obtained expression for I' and the GG
by the previously obtained Gy, and rearranging. O]

That F' is identified by the price distribution is surprising given that in general, the
price distribution F,(p) = G(I'"'(®(p))) depends on both the buyer’s and the seller’s
type distributions.

Note that the non-identifiability of the distribution of buyer types who trade with
probability zero (i.e. identification up to a truncation) is standard in the literature on
identification in non-linear pricing; see Luo et al.| (2018). In our case, this extends to

sellers who trade with probability zero.

B Proofs

Proof of Proposition [l The proof is in the main text. n

Proof of Proposition[3. See the proof of Proposition [6], which is a generalization of this

Proposition. O

Proof of Proposition[3 The Taylor expansion of I'"!(z) around v is

=1\~ T 0 —1\(n) ol
I z)=T""®) + T " @®)(x—72)+ M(m )+ %(z — 7)™,

n=3

Denote the nth derivative at © as 7, := (™')™ (7). We further use the shorthand
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¢ := ®(v). The net price received by the seller can be rearranged as

TR+ 3 BB -0l 2 8] - Eulilo 2 5] -9}

where the second equality stems from the Taylor expansion, the fourth from reversing
a Taylor expansion, and the fifth from the fact that E,[®(v)|v > p] = p. Note that for
n = 0 and n = 1, the expressions in curly braces cancel out in the last expression. For
n = 2, the expression in curly braces is the conditional variance Var[p — vjv > p] =

E,[(¢ —0)%|v > p| — (E,[p|v > p] — )2 This completes the proof. O

Proof of Proposition[f Let h(v) := f(v)/(1 — F(v)) = na(v)/v, and let p,(y) := (1 —
F(y))/(1 — F(p)). First note that

Bvvr [(8(0) = 0 [02 5] =0 =P+ [ 20y

This equality can be verified by multiplying both sides by 1—F(p), taking derivatives with
respect to p, and checking that both sides are zero at p = v. Since E,.r[®(v) | v > p| = p,
it follows that (E,.p[®(v) —7 | v >p])®> = (p —7)* and

VarUNF[Q(v)—v|U2p]:/vphp(—(yy))dy

Now consider two distributions F and F , with associated hazard rates h and ﬁ,

such that 7,(v) > n4(v) for all relevant v. Equivalently, h(v) > h(v). Since p,(y) =

exp(— [V h(x) dx), we have §,(y) < pp(y). Hence 5,(y)/h(y) < py(y)/h(y) for all y > p,

and therefore

Var, & [(/I\)(U) —v|v> p] < Var,r [®(v) =0 | v > p].
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If 7! is quadratic with second derivative 72, Proposition 3 gives w(p) = p—T"*(p) —
2 Vary.p [®(v) — v | v > p]. Thus an overall increase in demand elasticity raises the fee

when v, > 0, lowers the fee when 5 < 0, and has no effect when ~, = 0.

]

Proof of Lemma (1. Suppose to the contrary that the optimal mechanism, denoted <Q, M )
does not auction off the good at some reserve in period ¢ and in some states (v, ¢). This
implies that with positive probability the good is sold in period t to a buyer whose val-
uation is not the highest amongst all the buyers present. Consider then an alternative
mechanism that coincides with (Q, M ) except for the states in period ¢ in which <Q, M )
does not auction off the good. Let the alternative mechanism sell the good to the highest
value buyer in all those instances for which <Q, M ) sells it to some other buyer. This
alternative mechanism will increase the broker’s payoff Wy (c) by increasing the revenue
it raises while leaving the seller’s payoff Wg(c) unaffected. Therefore, the mechanism

). M) cannot be optimal. O
(Q,M) p

Proof of Lemma[g. Letting

pe (Fo(pe) = Foy(p)) + [, vdFg(v)
1 — Fuy(pe)

denote the expected transaction price in period ¢, conditional on a transaction occurring

ki == R(py) =

in period ¢, choosing a sequence of reserves p(c) is equivalent to choosing a sequence
k(c) == (ki(c))se, of expected transaction prices (conditional on a transaction occurring).
Note that R(p;) is increasing, because it is a conditional expectation, and therefore
invertible.

For any sequence of expected transaction prices k = (k;),-,, let

qt(k) = (1 — F(l)(Rfl(k}t))) f[(SF(l)(R*l(kT))

denote the discounted probability of a sale occurring in period t. To get an intuition for
discounted probabilities, assume for the moment that discounting stems from a survival
probability, that is, 1 — ¢ is the probability of the seller dying (or dropping out of the
market). Then 0 F(;)(R™!(k,)) is the probability that the seller survives and does not sell
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in period 7, and ¢,(k) is the probability that the seller survived and did not sell until
period t and ends up selling then. If discounting does not purely stem from survival
(but from impatience or a combination of survival and impatience), then the intuition
is that a sale that happens later is less valuable to the seller and hence discounted. The
number ».° ¢:(k)k, is then the expected discounted transaction price, or average price

for short, given k while Y~ ¢:(k) is the ultimate probability of selling. The number

R an

simplifies the following analysis and has the interpretation of an wultimate conditional
expected revenue. Again, an intuition for k can be gained by interpreting ¢ as a survival
probability. With this interpretation, k is the expected revenue conditional on trading
and not dropping out.m

A mechanism can only be optimal if it maximizes the ultimate conditional expected
revenue for a given ultimate probability of selling, because k enters both Ws(c) and
Wi(c) only through > ° ¢:(k)k and >_,°  ¢:(k). Equivalently, it must maximize the
ultimate probability of selling for a given ultimate conditional expected revenue. For
k € [v, 7], define this frontier by

F(k) = N o @t(R)ke
1—F(k) = Sip{;%(k) ; m = k}
We next show directly that this frontier is attained by a constant reserve path. For

a scalar z, consider the stationary infinite-horizon problem
o

W(z) := suqut(k)(kt —2).
k=0

After a failure to sell, the problem returns to the same state. Its Bellman equation is

therefore

W(2) = max {(1 = Fio(0)(R(p) = 2) + 6F ()W (2)}

27If impatience stems from a time preference rather than a drop-out probability, k& cannot be simply
interpreted as a conditional expectation, but should be viewed as an abstract mathematical concept
that helps to unite probabilities and discounting and simplifies calculations. One of the advantages of
using the ultimate conditional expected revenue is that it avoids the problem of a standard conditional
expected revenue with a time preference interpretation of discounting: for any positive constant per
period probability of sale, the seller eventually trades with probability 1, so that conditioning on trade
occurring would not be a useful concept.
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A stationary maximizing reserve exists, and its value can equivalently be found from

W () = () = 21— 0 = max(Rlp) = 2)(1 = Plp).

The derivative of the last objective has the sign of z — @(p). Since @ is increasing, the

unique maximizer satisfies ®(p) = z.

Now fix k and set p = R~'(k) and z = ®(p). The constant path p, = p is optimal
in the Bellman problem. For every path with ultimate conditional expected revenue
k, the Bellman objective equals (k — z)> > q:(k). Since k —z > 0 for p < 7, no
such path can have a larger ultimate probability of selling than the constant path; here

k—2z=1[1-0Fuy@p)(Rp) — 2(p))/(1 =275 > 0. The endpoint follows by continuity.

Consequently,
= 1 — Foy (R~ ()
1—F(k)=
W)= T 5 (7 )

=1— Fo(R'(k)).

Denote by f the corresponding density and by ® the corresponding virtual valuation.
Thus, for a given ¢ and k, we now have Wj(c) = k(c)(1 — F(k(c))) — mg(c) and Ws(c) =
ms(c)—gs(c)c. Using incentive compatibility (9) and Ws(¢) = 0 by individual rationality,

the objective given ¢ becomes

aWi(e) + (1 — a)Wi(c) + Ws(c)) = k(1 — F(k)) — cgs(c) — a/c qs(x)dz.

Substituting gs(c) = 1 — F(k(c)) and integrating after reversing the order of integration

in the double-integral then yields the objective function

%gK[M@—DMﬂO—F%@WMQ%- (18)

The integral can be maximized pointwise by choosing k such that

0= ~T(k(e)) [B(k(e)) ~Ta(e)].

which is equivalent to k(c) = ® (I'4(c)). This is a monotone function and thus consis-
tent with incentive compatibility. Moreover, the second-order condition for a maximum
is satisfied whenever the first-order condition is satisfied if ®(v) is monotone. This means

that under the optimal allocation rule trade takes place as soon as

B(k) > Tofc). (19)
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Let k*(c) = E_I(Fa(c)). Since F(k) = Fyo(R7'(k)), ®(k) = ®(R~(k)). According to
trade should take place as soon as v > R™(k*(c)), which because of the afore-noted
equalities and the monotonicity of ®, is equivalent to ®(v) > T4(c) as claimed in the

lemma. O

Proof of Proposition[J. The proof that this fee induces the seller of type ¢ to set the price
p*(c) in every period essentially follows from taking the first-order condition, assuming
that the seller sets p*(c¢) in every future period. By the one-period-deviation principle,
we can confine attention to a deviation by the seller in the present period to some reserve
price p and assume that the seller sets the price p*(c) in every period after that, whereby
he gets dV'(c). For a deviation within the displayed domain, the expected payoff given
the fee w, 5(p) defined in is (R, ;(p) —¢)(1— F1)(p)) in the period of deviation and
Fay(p)éV (c) afterwards, where

(0 = was () (Fiy (0) = Fy () + [ (4 — was(y))dF ) () |

Rwa,a(p) = 1- F(l)(p)

The expected payoff can be rearranged to

(P = wa,s () [F(2 (P) — Fr)(P)] + / [y — wa.s (V)] fi2)(W)dy + Flay(p)lc + 6V (c)] —c.

The first-order condition for a maximum 1is

0= fiy(®) |[-TaH (@) = V(@) +c+ V(o) (20)

which follows after substituting w, ; from and cancelling terms (in particular, using
the fact that Fio)(p) — Fiy(p) = fay(p)(1 — F(p))/f(p)). The first-order condition is
satisfied at p = p*(¢) = & 1(I's(c)). Moreover, the term in brackets in decreases
in p; therefore, the objective function is quasi-concave, implying that the first-order

condition is sufficient for a maximum. ]

Proof of Proposition [ The proof of part (i) relies on Extreme Value Theory, which we
summarize in Appendix |D| ® continuously differentiable implies that, for some constant
B,

lim 4 [1}—]?(”)] = lim 4 [v — ®(v)] = 5. (21)

v=7 dv (U) v—=7 dv
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Equation is the von Mises condition as stated in Theorem [2 in Appendix D] By
Theorem [2] this implies that F' is in the domain of attraction of an extreme value distri-
bution (see Definition [1)). By the Pickands-Balkema-de Haan Theorem (see Theorem []),
this in turn implies that F' has a generalized Pareto upper tail as defined in (26)). This
implies uniform convergence of the normalized distribution Fj to F*(7) = 1 — (1 — )7,
because of the definition of the normalized variable v. Analogous reasoning applies for
the convergence of éj.

Proof of part (ii): First, define 3 := lim, ,; 1 —®'(v), & := lim.,.I"(¢)—1, 8 := —1/,
and o := 1/@. Observe that by 'Hopital’s rule

lim (v —0)f(v) T e -1
v=1 1 — F(v) v — P(v)  vov 1 — D(v)

The following two constructs are used in the remainder of the proof: First, instead
of setting a reserve price p that leads to expected revenue k = R(p) conditional on trade
in this period, one can alternatively and hypothetically assume that the seller sets an
expected transaction price k, conditional on trade ever occurring, that leads to trade
with probability 1 — F(k) := 1 — Fo(R™!(k)). Second, the intermediary can levy an
“expectational fee” wW(k) on the expected transaction price k. The following lemma

derives the expectational fee w(k) that implements the allocation rule derived in Lemma

2l

Lemma 3. The expectational transaction fee that implements the optimal mechanism

described in Lemmald is

(P(v))f(v)dv
— F(k) ’

Up-1
w(k) =k — Ji al

defined on the equilibrium expected-transaction-price range [® ~(c),7].

Proof of Lemma[3. The expected profit of a seller with cost ¢ who faces a fee @ is

(1= F(k))(k—w(k) —c).

Substituting w(k) by the expression in Lemma |3| for k£ in the displayed domain, the

maximization problem becomes

ml?x/k LY @) f(v)dv — (1 — F(k))e.
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The first-order condition is

0= —f(k(0) [I3'(2(k)) —c] ,

which is equivalent to ®(k) = I'y(c). This is equivalent to the allocation rule in Lemma
(see its proof for details). The second-order condition is satisfied whenever the first-order

condition is satisfied if ®(v) is monotone. O

The remainder of the proof now proceeds in four steps: we show that (a) for the
limiting distributions F* and G* the expectational fee w* is equal to the limiting fee
~2=D, (b) the expectational fee converges to the limiting fee, (c) the transaction fee @

is equal to the limiting fee for the limiting distributions, and (d) the transaction fee

e

converges to — ey

Step (a): First, we show that linearity of fees holds for the denormalized limiting
distributions F* and G*. For simplicity, denote the supports of the denormalized limiting
distributions as [v,?] and [¢, ¢]. The distributions are hence F*(v) := 1—[(v—v)/(v—2)])?
and G*(c) := [(c—c¢)/(¢—¢)]?. The virtual cost function is linear: I'}(¢) := ¢+ (c—c)a/o.

The optimal expectational fees given in Lemma [3| can be rearranged to yield
@ (p) = p = By[L7H (@ (0)v > pl = p = T (B[ (0)[o > p]) = p— T3 (),

where the second equality stems from the linearity of I'} and the third from the well-
known fact that for any p and any distribution F with virtual value ®, E,[®(v)[v > p] =
p. Plugging in the functional form for I'}, yields

. a
o0 -9 [
This implies that the equation for w* in holds for the limiting distributions F™ and
G, because of the definitions of @ and p.
Step (b): Next, we show convergence to linearity. For this, it is useful to consider a
linear transformation of the original problem, such that the length of the support is 1 for

both F' and G, and the lower bound is 0. This can be done without loss of generality.

Formally, the support of the seller’s distribution [¢;, (7; — ¢;)/uf + ¢;] is transformed
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to [0, 1] and the support of the buyer’s distribution becomes [v; — (T; — ¢;)/u?, T)] to
[u; — 1, u;] with some u; > 0. Note that as j — oo, u; — 0. In part of the following
analysis, we will drop the subscript j and simply write u — 0.

This has the advantage that the transformed distributions are only shifted and not
stretched compared to F' and G. Call these transformed distributions Fj and éj, with
G;(¢) = G(&) and F;(9) := F(0 + (1 — u)). The normalized transformed fee is

~ ~

R o(up Aluflf‘;l O (ud))dF (ud
b(p) i BD) _ 5 Jp T T (P (ud) (22)
u 1 — F(up)

where the expression comes from plugging in up for p in the expression in Lemma (3| and
dividing by u.

We need to show that the expression in the integral uniformly converges to its limit,
which implies convergence of the integral and also convergence of the whole expression
for @.

By the definition of § we have

- 1— Fud)| {1_F(u)}’_ 1
=0 0(ud) | f(ud) =1l () p
This implies that
11— F(ud)|v=01—10
u | f(ud) p
and hence
1. u—0 1—2
Zd(ud 5
” (o) = 0 5

where the double arrow = stands for uniform convergence. By a similar logic
1- u—0
“Paue) = (14 2)
u o

and hence
N u—0 T

1
T N ux) = ———
u 1+a/o’
because uniform convergence of a function implies uniform convergence of its inverse (see

for example Barvinek et al.| (1991)).
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Observe that

F(k) = (R (K)), 1—Fw(p):%ﬁ%’ A

Reinstating subscripts j, define, for = € [0, 1],

1-— F(l)yj(ujm) gp(x) o .
L= Fuy(0) J uj

Hj(xz):=1-

and define the normalized expected-revenue map by

i) = Rj(lzjx) _ L fi(gfff)“), <, (24)

with 7;(1) := ¢;(1).

The convergence established above gives uniform convergence of ¢, to p(z) =z —
(1 —z)/B. We next show that H; converges uniformly to H(z) := 1 — (1 — x)". Let
s; =1 — F;(0) and S;(z) := (1 — Fj(u;x))/s;. Theorem [I| gives uniform convergence
of S; to S(x) := (1 — z)?. Since the number of buyers is bounded and 3, Brp > 0,

uniformly in x,

B
1-F Z [1—(1—s;5;(x ZB?TB Si(x) + O(s3).

B=0
Dividing this expression by its value at x = 0 proves that H; converges uniformly to H.
We now prove uniform convergence of r;. Fix ¢ > 0. On [0, 1 — €], the denominators
in (24]) are bounded away from zero. The increasing functions ¢; are uniformly bounded,
and hence have uniformly bounded total variation. Uniform convergence of ¢, and Hj,
together with integration by parts, therefore implies uniform convergence of N;(z) :=
fxl ©;(t)dH;(t) on this interval. Hence r; converges uniformly on [0,1 — ¢]. For z €

[1 — ¢, 1], the fact that r;(x) is an average of ¢; over [z, 1] implies

[rj(z) — p;(1)] < sup |p;(t) —@;(1)].

te(z,1]
Uniform convergence of ¢; to the continuous function ¢ makes the right-hand side uni-
formly small as € goes to zero. Combining the two intervals yields uniform convergence

of r; on [0, 1]. The limiting map satisfies
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where the last equality is the standard conditional-expectation identity for virtual values.
Consequently, uniform convergence of the inverse functions gives

H—1

Rj (u;x)

U

=r;t(z) = 2.

J

Together with , this gives uniform convergence of the normalized versions of F ;
and F;. The identity ®;(p) = ®;(R;(p)) and the definition of the dynamic virtual valu-
ation then give uniform convergence of the normalized ®;. Combining these conclusions
with the uniform convergence of the normalized F ; established above gives convergence
of the conditional-expectation term in . for every p < 1; the endpoint follows by
continuous extension. Therefore, W converges to @*.

Step (c): Observe that if expectational fees are linear, the transaction fees are equal
to expectational fees, since a linear function can be taken into an expectation. Hence
the transaction fee w(p) = w(p) is also linear in the limit.

Step (d): Next, we turn to convergence of the normalized transaction fee w.

From Proposition [5| and the arguments that precede it, we know that the optimal

transaction fee w(p) is given by

Jy 0 (@()) + 0V (I (D (v))]dF (v)

w(p) =p— = F () :
where V(c) = j‘ g “”(1 — Fao(®7(Ta(y))))dy. Defining B == [} T;(®(v))dF(v) and
A= f f ° (“ — Foo (D YT (y))))dydF (v), we can thus write w(p) as w(p) = p —

(B+6A)/(1— F( )) Using ®(p) = ®(R(p)) it is clear that the integrand in B converges
uniformly and hence B converges. Reversing the order of integration in A and integrating

we obtain

{(Ta(w) )
/ N / AP()(1 = Ful ™ (Taly))))dy

= /Fl(&)( ))(F(‘P_I(Ta(y))) — F(p))(1 = Foe (P (Ta(y))))dy.

The limits of integration and the integrand in the last expression are combinations of
functions which we have shown to converge uniformly, hence we get convergence of A.
Putting this together, we get that w converges to the limit given by substituting in the
limiting distributions for F' and G. 0
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C Extension: Non-Stationarity

Assume now that the environment is described by known sequences § := (d;),-, and
F := (F}),2,, where ¢, is the discount factor in period ¢, F; is the distribution from which

buyers’ types are drawn in period ¢, and ®,(v) := v— 1;52()”) is monotone in v for all £. One

example is exponential discounting (or a constant dropout probability) ¢, = d considered
so far. Another is exponential discounting up to a deadline T  after which the seller leaves
the market for sure (0, = d for 7 < T and d, = 0 for 7 > T'). Let 7%y describe the arrival
process of buyers in period ¢ and denote by Fi1),(v) and F(9)(v) the distributions of the
highest and second-highest draws in . Expected revenue given a reserve p in period t,
conditional on trade in period t, is then given as R;(p) := W

Given a sequence k of expected transaction prices conditional on trade, the seller’s

ultimate probability of selling is still given as » .~ ¢:(k), where

t—1
(k) = (1= Fay (R (k) [ [ 0-F ) - (B ().
=0
Next define the frontier

1—-F(k) = sip {th(k) ; % = k} :

At date 0, the objective function that accounts for incentive compatibility provided the
pointwise maximizer k(c) of the integrand is monotone is then still given by , yielding
the allocation rule (19). Consequently, the functional form of the expectational fees w(k)
under non-stationarity will be the same as under stationarity. Hence, it is as given in
Lemma[3)in the proof of Proposition[6] This also implies that in the limit, as G converges
to a reflected generalized Pareto distribution, the optimal expectational fee will be linear
as in the stationary case.
Although wy(p) will in general vary over time because the environment is non-stationary,

the linearity of the expectational fees W in the limit implies that the optimal transaction

fees will be linear in the limit too.
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D Extreme Value Theory

Extreme Value Theory For the convenience of the reader, this appendix provides
a summary of the results of the theory of exceedances in extreme value theory that are
the most important ones for the purposes of our paper. This summary is the content of
Theorem [1| below. The theorem says that for any F' that satisfies some weak regularity

condition,

C L F@—u(@-v) (T . o
tim 1 1—F(©—u@®—0)) ! (6—y) HE (W), (25)

where convergence is uniform and S is some constant. The left-hand side of is the
rescaled distribution conditional on being above the threshold 7 — u(v — v). According
to Theorem [I} this truncated and rescaled distribution converges to a generalized Pareto
distribution F** as the threshold 7 — u(v — v) goes to the finite upper bound .

The motivation for this theory was the empirical regularity found in many situations
that the upper tail of a distribution is well approximated by a (Generalized) Pareto
distribution. A prominent example is the distribution of the highest 20 percent of income
and wealth in many countries, which was first observed by Vilfredo Pareto.ﬁ The theory
of exceedances within extreme value theory deals with the distribution of a random
variable conditional on being above a high threshold (for the original articles see Balkema
and De Haan| (1974)), Pickands| (1975); for a textbook see Falk et al. (2010)).

The general principle is described by the Pickands-Balkema-de Haan theorem (the
second theorem of extreme value theory). For expositional simplicity, we provide a
simplified version of the theorem, which is sufficient for our purposes. See |Pickands
(1975, Theorem 7) and Balkema and De Haan| (1974])) for the theorem itself. The theorem
establishes a connection between the behavior of the maximum of a distribution and its

upper tail. The relevant concept for the maximum is the domain of attraction:

Definition 1. A distribution F s in the domain of attraction of an extreme value

distribution if there exists a sequence of constants a, > 0 and b, real for n = 1,2, ...,

280ther examples include the distribution of the strength of earthquakes in historical data (which tend
to contain only the most severe earthquakes); and for the discrete type variant of the Pareto distribution
— Zipf’s law — the distribution of the frequency of the most common words in a larger text and the sizes
of the largest cities in most countries.
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such that
lim [F(ap,x + b,)]" = Free()

n—00

for every continuity point x of Fiq.: for some non-degenerate distribution function F,..

(see|De Haan and Ferreira, 20006, p. 4).

The above definition means that for n independently and identically distributed ran-
dom variables, (max{ X1, Xs, ..., X, } —b,) /a, has a non-degenerate distribution as n goes
to infinity.

The following theorem holds.

Theorem 1. (Simplified version of the Pickands-Balkema-de Haan Theorem) Assume
F has a finite upper bound and f(v) > 0 for all v € (v,7). Then F has a generalized
Pareto upper tail, formally

iiE%HH_F(;_u(;—y)):1_<Z:Z>ﬂ’ (26)

for some constant 3, where convergence is uniform, if and only if F' is in the domain of

attraction of an extreme value distribution.

The left-hand side of is the rescaled distribution conditional on being above the
threshold ¥ — u(v — v). The right-hand side is the cumulative distribution function of a

finite upper bound generalized Pareto distribution.

Proof of Theorem [l See Theorem 7 in [Pickands| (1975)). Note that for our setup (7 finite
and f(v) > 0 for all v € (v,7)) the definition of F' having a generalized Pareto upper tail
given in Definition 4 in [Pickands| (1975)) simplifies to (26]). O

The literature on extreme value theory states several sufficient conditions for a dis-
tribution to be in the domain of attraction of an extreme value distribution. We state

the one most suitable for our purposes.

Theorem 2. Assume F has a finite upper bound. F is in the domain of attraction of

an extreme value distribution if the von Mises condition

for some constant B, holds.
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Proof. See, for example, Theorem 1.1.8 in |De Haan and Ferreiral (2006, p. 15). ]

As stated in the literature, even this sufficient condition is weak and is satisfied by all
“textbook” continuous distributions, such as uniform, Beta, bounded generalized Pareto,
inverse Weibull and (for the counterpart of the condition with an unbounded support)
the normal, exponential, Cauchy, and generalized Pareto distribution without a finite
upper bound of support.

Often, the generalized Pareto distribution is defined with the parametrization

Fi(o) = 1— (1 " M)_W.

o

For £ < 0 the distribution has a finite upper bound and corresponds to the parametriza-
tion used in this paper with v = p, © = p — o/§, and f = —1/¢. For & > 0,
its support is [p,00). One obtains the exponential distribution as a special case as
limg o F*(v) = 1 — e @™/ For ¢ > 0 and o0 = ué one obtains the classical Type I
Pareto distribution F(v) := 1 — (u/v)/¢. For & > 0 one obtains the Type II Pareto
distribution.

Without a finite upper bound, convergence can be stated as

(1 1 Huts) Ifg;‘f(z)‘”)) — F(@) 0,

for some generalized Pareto distribution F);. See the above-mentioned references for
more details.

Note that the characteristic property of generalized Pareto distributions is that the
inverse hazard rate is linear: [(1 — F(v))/f(v)]" = & The special cases can be seen as
the inverse hazard rate decreasing (bounded generalized Pareto distribution), constant
(exponential distribution), and increasing (standard Pareto distribution). ¢ < 0 cor-
responds to the common monotone hazard rate condition (that is, f(v)/(1 — F(v)) is
increasing). £ < 1 corresponds to Myerson’s regularity condition ®'(v) > 0 and is also

necessary to ensure that the distribution has a finite mean.



	Introduction
	Model
	Fee setting
	Payoffs, types and distributions
	Thin market setting

	Optimal transaction fees
	Implementation via fee-setting mechanisms
	Thin markets and the optimality of linear fees
	Comparative statics

	Generalization
	Preliminaries
	Optimal dynamic mechanisms
	Implementation via optimal fees

	Discussion
	Conclusions
	Details of identification with linear fees
	Proofs
	Extension: Non-Stationarity
	Extreme Value Theory

